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Analytical Solutlons for Manned Lunar Landin~ Trajectories

H

By
C. . Shen, Professor of Mechanical Encineering
Rensselaer Polytechnic Institute, Troy, N. Y.
NisC = 1432

Various papers on terrinal Quidance(l)(z)(3)(u)* are
available in the literaturz, However, combined mid-course
and termninal ruidance without annroxiration is still a nrob-
lem at the rresent tirme., In this article a continuous thrust
nrorram for a sinrle encine is emnlovesd for the entire descent
rhase of a vehicle fro~ zn orbit, The weicht of a retro-
rocket is renerally pronortional to its rated thrust, The
optimization oroblem of the combined mass of fuel and ensine
is anproachad a»nroximatelv,

The ~uidance and control system c¢can be carried by the
snace vehicle to eliminate the inherent delay of ah earth-
bound rzdio command svstem (2.56 seconds round trip). All
necessary snrecial computers will be sufficiently simnle and
small for snace travel because all computational solutions
are in closed alrebraic form, thus enablins an astronaut to
operate the vahicle and determine his own course if manual

oneration 1is pnerferred. OTS PRICE
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The equations of motion(S) of &

(1) Analvtical Solutions

snace vehicle in Fir, 1

are written with the sauare of the sn2¢ific an~ular momentum

as the 1inderendent varizable

(6)

T™hese equations describe

the dvnamical behavior of the rocket-nowered vehicle in an

inverse saquare force field, i.e.,

and
ak?

where u

d2y

N
.

das 3
Gl ol (1)
S ¢]
1 %F(zzg) du uld |2 ) 8y
e+ m @ &) - Pl 0,
8 2] ku tu
(=) o
us (2)
1/r = inverse of the radial distance measured

from the center of the moon (or nlanet) to the
space vehicle,

an~ular displacement of the vector r with resnect
to the local vertical of the landina noint,
square of the snecific an~ular momeantum = (rzg).,
racdial snecific force,
transverse snecifie force,
~pavitational accelaration 2t a reference altitude
(cr nlanet),

ahbove the moon

l/x'o = inverse of the radius 2t a reference 2itl-

tude 2bove the moon (or nlanet).
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The solutions to these eruations can be obtained »ro-
vided that the sneciflc forces are ~iven., The transverse and
radial spnecific forces must be chosen so that the soft land-

ing requirerents are satisfled. It is opurposed that

za n
0y =1k ’ ]
( u3) = 3 (kb) R 0 <n<l, (3)
a ~ k. 20
;EZ = °2 - u + A2 béq (u-u_), as %, (4)
u ku ¢ B
o

vhere kb is the initial vgilye of k.,

The constants narzmeters 2 and B are to be determined.
The Jjustification for the limits on the »narameters on n and
0 and ar mast
be finite. This results in O< n and q < . Uader the initial

a is that, as k approaches zero, the value of a

conditions (06 = eb at k = kb) and the €inal co-ditions

(6 = 0 at k¥ = 0), the followin~ exnressions are obtainsd bv

solvin~ equations (1) and (3)

1
T-n
2] k
(g;) = (E;)’ (5)
and (l-n)eb
8 = —p— (6)

The value of g anproaches zero 2s n apnroaches unity. Hence

from equation (3), a, apnrozches infinitv, Thus the gquan-

8
tity n is less than unitv as riven in equation (3).
After substituting equations (1), (3) and (4) into equa~-

tion (2), the followin~ linear differential enuation results
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d?u | (24 By 80, g2,2 D
E= s [zp+ 2l FE * 82 — U =0 (7)

where U = u, - u.
The solution must satisfy the followin~ initial and

final conditions, 1.e.,

]
bt

for & = o (k=k,), U=0U (r=r));

and . for 8 = 0(k = 0), U=20 (r = ro) R
as shown in Fig, 1.
Thus the solution of eguation (7) is a2 Bessel function

of the first kind(7)(8)(9).

M 2k -
(F) Turvl—=2 ()]
A b (8)
U gak ?
b b
Ju/vl——]

-}
where y = }ﬁiﬂ and v =1 - n~-a., As an example, a simple

form of equation (8) is given with n = 0, g = %, thus

1
sin2xeb(%—)2.
J = b (9)
Ub sinZAeb

where u = % and u/v = %—1n equation (8).

The above is a solutlon of the eguation

da2u 1 au 2,2 _Dn _
——2—+-§—.’£a-l?+ﬁl TE—U-O (10)



(2) Trajectory Determination

By substitutin- 2quation (3) into equation (1) and in-

tecratin~ one obtains (withn = 0)

=L, (11)

where
-4 e’
¥ =u (5?)' (by definition) (12)

By combining equations (11) aad (12) the angular velocity is

1
2
de _ ,de, u? 8
& - (&, Tz 177 (13)
b uy eb

Since k = 0 at @

0 the transverse velocity at the refer-

ence point 1s therefore zero, i.e.,

($2) gep = O (14)
which 1is a required condition at the terminal for vertical
landing.

The value of A 1s deterrined bv the 1initial condition
that the trajectory is tangent to the oririnal orbit.

If the initial trajectory is tangent to a circular

orbit, then
= 0. (15)

Differentiatine equation (9) and substitutin~ into eauation

(15), shows that

A = E%; . (16)



Tor a circular orbit, kb becomes(l)
K, = ——D— , (17
b u %y
o b

The radial velocity can be obtained from equation (9).

For a vehicde landed from a circuler orbit, the velocity

becones
1
) 18 -
dr | -2 dy dg - ( ®o )2 (18)
g | . "% Feax 48y, ‘ |
8=0 g=9 Yo Y

This results in a small radial velocity, which can be easily
reduced to zero by introducinc an additional landinrs phase
to be discussed later. For the case of an orbital alti-

tude of 10.909 miles‘?) and a rance angle 6, = 10°, the radial

b
velocity from eouation (18) is 4.5% of the orbital velocity.
This is shown in Fi-, 2 amonr other altitudes and rance
angles. For an orbital velocity of 3733 miles per hour this
radial velocity at the reference point is only 169.7 mi./hr.
If the initial trajectory is tanvent to a circular orbit,

the resultant specific force may be anproximated to =mive (see

Appendix A for details)

a_o» 8,2 2 2
VA I AR I o RN
‘.30 bo 7-30 ’ b b

which is plotted vs. e/eb in Pie, 3, from which one mav con-
clude that the specific thrust a/f"o is nearlv constant for

low range ancles such as 8, = 5° or 10°.



(3) Vertical Descent

Excent during terminal hoverinr of the bupg it is nro=-
posed that a constant thrust be emnloyed for the vertical
descent. It is found that, at the end of the curvilinear

landing phese, the anrle between the resultant thrust and

the local horizontal is

y. = tan"~ —

. = tan~t(2e), (20)

which 1s also nlotted in Fie, 2.

If the angle of the thrust vector changes instantly from
t;an'l (Zeb) to n/2, and the ma~nitude Py is maintained con-
stant thereafter, the equation of motion for the vertical

descent at low altitude is

dv _ ‘o
T - %o (21)
where Fo = constant magnitude of rocket thrust,
v = vertical velocity,
m = mass of the vehicle at time t,

and g = pgravitational acceleration of the moon.

The rocket thrust for constant exhaust velocity ¢ is

PO =-cm (22)

Substitutins equation (22) into equation (21) and inte-~

crating, ylelds

a
v(t) - v(0) = - ¢ ea(l - 2= t) - pt, (23)



w 7
o) . 1 2
where a = == =2 g = g //1 + ()
° M e=0  ©°)\ 28y 2
/F—‘“
/e J. =
/0 b dr
v(0)= - T =
’V/u 2y % at 8=0 ’
0 b
and mo = 1nitial mass a2t vertical descent.

The veloclty must be zero at touchdown for 2 soft land-

ines s0 that

~

v(tf) = at t = tf,

where tf, the time at touchdown, is obtained from equation

(23).
The total distance traveled during vertical landin< is

shown as follows

-~ t.2
- cev(0Q) + 0 f-
o a, 2

o
s(tf) - S + c(1 - Eg)tf’ (24)

where s(tf) = 0,

and 8, = initial altitude required for vertical descent.

b is nlotted

in Pig. 4, It shows a small distance of anvroximately half

The wvalue S, for different landine anzles 8

a mile for an orbitinr~ altitude of 10.900 niles(Z) and a range

= o
angle eb 10°.

From equation (22), the mass ratio is obtained, 1i.e.,

Ma a,

where m_, is the final mass.

f
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The mass ratio vs. landing angle 6, is shown in Fig. 5.

b
For an orbiting altitude of 10.909 miles(a) above the ref-
erence point, it is noted that the ratio of final mass to
reference mass 1is about 0.96, indicating that the fuel

consumption during the vertical descent is relatively very

small. The ontinmization analysis will nerlect this small

chanre of mass.

(4) Comnutation of Tass Variations

Tor the curvilinear landins phase from orbit the rocket

thrust 1s expressed as(lo)

- mc = ma, (26)

where m = mass flow rate, and ¢ = constant exhaust velocity,

thus
dm a de a dse
STe T (27)
(-8) vV ku?

where the quantity a is riven in equation (19).

The mass ratio at low altitude may be obtained as
-I

- o .
- = e s (28)
My
where
5 =2 2
%o T 2 2
o) % 6 8 1l
I = () /1 -2+ () de,  (29)
0 c 7 ,[e ey . eb 2eb 3
o°b
m 3

mass at angle 8 and mb = initial mass.

For the case of lunar landinz the gravitational acceler-

ation near the surface of moon where uo-l = 1080 miles is
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approximately g, = 5.31 ft/sec?. The exhaust velocity c is

the product of g = 32.2 ft/sec2 and the s»necific impulse of
the en~ine. If we take the sneciflic impulse to be 311 seconds,
then the corresponding value of ¢ is 10“ ft/sec.

The lunar bug in orbit at altitudes of 5.427, 10.909(14)
or 22.04 miles above the moon, corresnonds to values of

u, = 1085.427, 1090.909 or 1102.04 miles, resnectively, There-
fore the ratio ub/uo is anproximately unity and the mass ratio
m/mb is insensitive tc the variation of the low altitude for
lunar landing in accordance with eguation (28) and (29). This
mass ratio m/mb is nlotted vs. e/eb for various rance angles
eb in Fiz. 6, where the mass variation in pounds of welght is
also civen for a lunar bug of 12 tons(ll) while in orbit,
Pigure 7 shows the mass ratilo m/mo vs. e/ab where o is the
reference mass when the bur has no transverse velocity and
descends vertically thereafter. Table 1 lists the ratios of
the initial to reference mass (mb/mo) for various range

an~les 0y and different altitudes., Here a~aln the mass ratio
is insensitive to altitude. As the quantity mb/m0 decreases
with decreasin~ rance ancle ab, an zsymototic value of

mb/mo = ,729 1s reached as ¢, approaches zero,

b
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TABLE 1
Values of —:;9- for g, = 5.31 “t/sec?, and ¢ = 10* ft/sec
(o]
®y Tp =T T Pp =T © Tp = T °©
N ‘_..____.T5.JLZl miles | _10.909 miles | 22,04 miles |
0° 1.7312 1.7289 1.7239
_..5° 1.738¢ 1.7366 1.7315
10° 1.7623 .. 1.7600 1.7547
_A5° 1.8019 1.7995 1.7939.
30° 1.983H | 1.9802 1.9731
450 2.2649 ' 2.2506 2.2508
| 60° 2.6378 2.6318 . 2.6182
TABLE 2
»
Values of S for z = 5.31 ft/sec?, and ¢ = 10% ft/sec
00
eb I‘b. - I’°.= I‘b - I"o = I"b - I'o =
5.427 miles 10,909 miles 22.04 miles
0° © ® ®
5¢ 9.9633 9.9501 9.9211
| 10° 5.0487 5.0419 5.0269
| 15° 3.4594 3.4369 3.4263
30° 1.8940 1.8910 1.8841
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(5) Computation of Thrust Ranre

The thrust developed from a rocket enrine should be
kept as flat as ncssible for the followins two reasons.
Firstly, the limitation of variable thrust on enrine desi@n(lz)
ﬁiil be discussed later. Secondly, the fuel consumntion is
usuzlly at its minimum for a bane-bang system with constant
thrust, which is the raximum effort of an engsine. Since the
thrust of a sinecle en~ine for lunar landinr has to be throt-
tled down over a wicde ranve for hoverings near the surface of
the moon, the requirsrent that the thrust is keot strictly
constant may not be necessary, for the system to give anprox-
imately minimum fuel for the rission, Firure 8 is a nlot
of the thrust to reference niass ratio ¥ /moqo vS. e/eb for
various ranrse anrles eb.

Table 2 lists the values of ”b/mowo which are insensi-
tive to the chanre of altitude orbit and usually rive the
highest thrust in ™i~., 8 at low rancre anrles 6,+ Hovering
above the moon's surface usually ernlovs the same enrine and
requires a thrust apnroxiratelv enual to the value of M,
therefore the value of Fb/moro in ™. 9 21so indicates the
ranze of variable thrust. Tor exammle, at a ranre anrle of
0y = 5¢, the recuired thrust throttline ranwe is about 10:1,
which seems to be the unner 1lirit of nractical oneration at
this time(lz). If the manufacturer's snecifications for a
particular encine indicate a certain maximum throttlin~ ranre,
any value of 8y below the corresnonding value of F‘b/mogo will

not be considered. For examnle, if Fb/mog = 10, then from

o)
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Fig. 9 or Table 2, the ranre angle ab should be larcer than

5°.

(6) Minimization cf Combined Mass of Tuel and Engine

From Table 2 the required thrust for zero ranre angle

(eb = 0) is infinite which is not rhysically realizable be-

cause it requires an Infinitely large engine. The mass of
the enrine 1s approximatelv vronortional to i1ts rated maximum

thrust, One can write

‘max e''o
: or n = g— (30)

o " max

m_ = n
e i~

where me = mass of enrilne

and ©

max rated maximum thrust.

Efficient larre engines such as that for Saturn C-1 nro-
duce 1.5(10)6 1b of thrust with an empty vehicle weight of
65 tons(l3). It is estimated that the pnropulsion is 4% of
the total weinht(lq) and the pavload and structure are 8%
of the total weight. Thus a 22 ton engine on earth deliver-

ing 750 tons of thrust will rive

- 22 /5,31y _
n = ﬁ'o- (32.2) - 000,481‘.

Saturn C-5 with a thrust of 7.5(10)6 1b has an empty

vehicle welrht of 170 tons. This 1s eaulvalent to

- 927 ¢5.31, _
n = 35Eg (m) .00251.

It 1s estimated that a small enzine with a thrust of (10)° 1b
may have a much larger value for n in the neichborhood of

.0l<n<,02.
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The total mass of a lunar bue consists of navload, fuel
ané engine. Maximlzinc the nayload is equivzlent to minimiz-
inr the combined mass of fuel and en~ine. The fuel mass My

is the difference of the initial :ass m,_ and the reference

b
mass ™, i.e.,

My = Ty - Tos (31)
where the encgline mass ny is miven in enuation (30). Thus

the combined mass,

or

(32)

is the quantity to be minimized.

Ficure 9 is a pnlot of I 2 vs. eb for varlous values

of n. The minimum value of !’-"¢/mo for n = 0.01 1s at eb = Q°

while for n = 0.02, 6,_ = 12°, vrovided these ranre values of

b

= 5.58 and U4.23, resnectivelv, are allowable as explained

in the last section.

Table 3 shows the data for a tynlecal lunar landing sat-
isfying all the previous reaquirerents.

One concludes from Table 3 that a2 12 ton bu~ 1n orbit
would have a nayload of 13,100-688 = 12,412 1b (earth's weirht)
at about the time of landins (mass consumntion during hovering

excluded).
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fo ~ 5.31 f£/3e2¢2 c = 10“ ft/sec
S 32.17 ft/s=c? 8, = 10°
_ n# .01
Zndé of orbitin- joad of Brakines Ter::inal Point
starts curvi- { 3starts vertical (on surface of
linear descent } Cecscent moon)
racius r, =1090,51 rilss ro=1030 ~iles rp= 1079.47 miles
transverse - 5 s . =
velocity Vep=3733.02 mishr 1 v, = 0 Vor = 0
radial _ P o=1F - . -
velooity V,, = O Vro=169.7 ni/hr Voo = 0
th 0 - bo 1 e fnno T, = 6823 1b to
rust Fy = 11,349 1b Fo = £323 1b f 2350 1b .
v - o (2]
:h§;3t vy, is small Vo = 19.42 Yo = 90°
ngae switch to Yo=9C°
gross _ o = . =
welrht mbge-Zu,OOO 1b mo“e l3,6ﬂ0 1b mfge 13,100 1b
engine - . =FQR . = .. -
welght Jebe—680 1b " 688 1b o 688 1b
angular - = =
error (Ae)b = A8y (AG)O = 88, (Ae)? 88,
radial (Au)b = Auy (Au)O = AUy (Au)f = Ay
error
transverse (AVe)b is (Ave)o = 0 (Ave)f =0
Zg%g;ity arbitrarily
small
radial (Avr)b is (AVP)o = 0 (AV'I,)f = 0
veloclty arbitrarily
srall
tine - = 33 . t. =
}elapse gtb 0 t, 354 sec te 386 sec

- e ; - ) — —
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Conclusions

(2) The trajectory may be nlanned to ruide the lunar bug
continuously from orbit to landine, Nonlinear ruidance and
control are required to snecifv rocket nrcpulsion. Solu-
tions for the trajectory are in closed alrebraic form, thus
enablinc an astronaut to comrnute the solutions on board if
he prefers manual oneration., Flaborate trackins is not
required as there are no trackin~ stations on the moon.

(b) Due to desirn limitations a sinrle rocket-en-~ine of
variable thrust is used for the descent phase of the lunar

buz., As the range anrle beccmes small, the required thrust

%
increases ranidly. This in turn increases the wei~ht of the
engine, There exists an ontimum ancle for eb rthere the
effect of increasins weisht due to thrust counter-halances
the decreazse of fuel mass.

(c) Variation of the maxirum thrust of the rocket enrcine

is studied for a lunar soft-landin~ from low altitude for
approximately 5° to 60° of ran=e angle. The requirement of

thrust variation nlaces 2 lower bound on the rancse angle for

the desi-sn nroblem,
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Anmvendlix A

Justification is to be found for sinmle annroximate
forms for the specific forces in orde» to obtain an estimate
of the mass ratio.

U r, -r

The quantity Eﬁ is equal to ( br %) which is much less
o] b

than unity fer low altitude., For examnle, an altitude of

U
22.04 miles above the moon corresponds to EE = 0.02., There-
0

fore the followin~ relation obtained from ecuaticn (9) is

Justified:

1
2
u b ) T ~

L‘—— = ] e = 1, (Al)

o uo Slué?\db

Substitutin~ equation (A1) into equations (3) and (4)
for n = 0, one obtains

uo3
ae,,: —2—6-'- s (A2)

and 3
r=%5 ~ kuo (A3)

o

where the last term in equation (4) is very small.

Combining equatiocns (5), (6) and (17) for n = 0 yields
v = 9.— ﬁo (Al.l )
L¢ T

and

B = o, : (A5)

Substitutin- eauations (44) and (AS5) into equation (A3)
and equation (A2), resnmectively, and considerins the anproxi-

mation in equaticn (Al), the fnllowineg relations are obtained:




=20~

8 ~ 1
-_—= s (A6)
Z5 29b )
andg
a
-g-2=1--§--. (A7)
0 b

The resultant snecific force becomes

2 4
g_ ='\/ (Efq + (=2) = ’V/ (1- %—) + (). (A8)
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